The purpose of this paper is to introduce and study the general viscosity approximation methods for quasi-nonexpansive mappings in the setting of infinite-dimensional Hilbert spaces. Under suitable conditions, we prove that the sequences generated by the proposed new algorithm converge strongly to a fixed point of quasi-nonexpansive mappings in Hilbert spaces, which is also the unique solution of some variational inequality. Then this result is used to study the split equality fixed point problems, the split equality common fixed point problems, the split equality null point problems, etc. Our results improve and generalize many results in the literature and they should have many applications in nonlinear science.
Introduction
Let C be a nonempty subset of a real Hilbert space H. A mapping T : C → C is called nonexpansive if Tx -Ty ≤ x -y for all x, y ∈ C. The set of the fixed points of T is denoted by Fix(T) = {x ∈ C : Tx = x}. T : C → C is called quasi-nonexpansive if Fix(T) = ∅, and Tx -p ≤ x -p for all x ∈ C, p ∈ Fix(T).
The viscosity approximation method for nonlinear mappings was first introduced by Moudafi [1] . Starting with an arbitrary initial x 0 ∈ H, define a sequence {x n } n∈N generated by
where f is a contraction with a coefficient θ ∈ [0, 1) on H, i.e., f (x) -f (y) ≤ θ x -y for all x, y ∈ H, and { n } n∈N is a sequence in (0, 1) satisfying the following given conditions:
• lim n→∞ n = 0; • ∞ n=0 n = ∞;
It is proved that the sequence {x n } n∈N generated by (1.1) converges strongly to the unique solution p ∈ Fix(T) of the variational inequality (I -f )p, x -p ≥ 0, ∀x ∈ Fix(T).
(1.2)
In [2] , Maingé considered the following viscosity approximation method for quasinonexpansive mappings. Starting with an arbitrary initial x 0 ∈ C ⊂ H, {x n } n∈N generated by x n+1 = α n f (x n ) + (1 -α n )T ω x n , ∀n ≥ 0, (1.3) where T ω = ωI + (1 -ω)T, with T quasi-nonexpansive on C ⊂ H, Fix(T) = ∅ and ω ∈ (0, 1), {α n } n∈N is a sequence in (0, 1) satisfying the following given conditions:
∞ n=0 α n = ∞. It is also proved that the sequence {x n } n∈N generated by (1.3) converges strongly to the unique solution of the variational inequality (1.2).
In [3] , Tian and Jin considered the following general iterative method:
It is proved that if the sequence {α n } n∈N satisfies appropriate conditions, the sequence {x n } n∈N generated by (1.4) converges strongly to the unique solution of the variational inequality (A -γ f )p, x -p ≥ 0, ∀x ∈ Fix(T), (1.5) or equivalently p = P Fix(T) (I -A + γ f )p, where Fix(T) is the fixed point set of a quasinonexpansive mapping T, and A is a strongly positive linear bounded operator. In [4] , Marino et al. considered the following general viscosity explicit midpoint rule:
It is proved that if the sequences {α n } n∈N , {β n } n∈N , and {s n } n∈N satisfy appropriate conditions, the sequence {x n } n∈N generated by (1.6) converges strongly to the unique solution of the variational inequality (1.2), where Fix(T) is the fixed point set of a quasi-nonexpansive mapping T. Let H i , i = 1, 2, 3, be a real Hilbert space, and T : H 1 → H 1 with fixed point set Fix(T). Let C 1 and C 2 be nonempty closed convex subsets of H 1 and H 2 , respectively, and let A : H 1 → H 2 be a bounded linear operator.
The split feasibility problem (SFP) is the problem of finding
x ∈ H 1 such that x ∈ C 1 and Ax ∈ C 2 .
In 1994, Censor and Elfving [5] first introduced the (SFP) in finite-dimensional Hilbert spaces for modeling inverse problems which arise from phase retrievals and in medical image reconstruction.
Let A 1 : H 1 → H 3 , A 2 : H 2 → H 3 be bounded linear operators. Moudafi [6] introduced the following split equality feasibility problem (SEFP):
Obviously, if A 2 = I (identity mapping on H 2 ) and H 2 = H 3 , then (SEFP) is reduced to (SFP). Moudafi [6] introduced an iteration process to establish a weak convergence theorem for split equality feasibility problem under suitable assumptions. The (SEFP) has many applications such as decomposition methods for PDEs and applications in game theory and intensity-modulated radiation therapy.
Let T 1 : H 1 → H 1 and T 2 : H 2 → H 2 be firmly quasi-nonexpansive mappings such that Fix(T 1 ) = ∅, Fix(T 2 ) = ∅, and let A 1 : H 1 → H 3 , A 2 : H 2 → H 3 be bounded linear operators. Moudafi [7] introduced an iteration process and established weak convergence theorem for split equality fixed point problem (SEFPP):
When A 2 = I and H 2 = H 3 , then the (SEFPP) is reduced to the split common fixed point problem (SCFPP): 1 and T 2 = P C 2 , the (SEFPP) is then reduced to the (SEFP), where P C 1 and P C 2 denote the metric projection of C 1 and C 2 , respectively.
Very recently there have been many works concerning fixed point methods for nonexpansive mappings. For more details, see, e.g., [8] [9] [10] [11] and the references therein.
Motivated and inspired by the above works on viscosity approximation method for quasi-nonexpansive mappings and split equality problems, in this paper we first introduce a general viscosity approximation method for quasi-nonexpansive mappings. Under suitable conditions, we prove that the sequences generated by the proposed new algorithm converge strongly to a fixed point of quasi-nonexpansive mappings in Hilbert spaces, which is also the unique solution of some variational inequality. Then this result is used to study the split equality fixed point problems, the split equality common fixed point problems, the split equality null point problems, etc. Our results improve and generalize many results in the literature and they should have many applications in nonlinear science.
Preliminaries
Let H be a real Hilbert space with inner product ·, · and induced norm · . Let I : H → H be an identity mapping on H. We denote the strong convergence and the weak convergence of {x n } n∈N to x ∈ H by x n → x and x n x, respectively. Throughout this paper, we use these notations and assumptions unless specified otherwise.
The following identities are valid in a Hilbert space H: for each x, y ∈ H, t ∈ [0, 1],
Let C be a nonempty subset of the real Hilbert space H, and let T : C → H be a singlevalued mapping. Then T is called
Tx -p ≤ x -p for all x ∈ C and for all p ∈ Fix(T);
for all x ∈ C and for all p ∈ Fix(T);
and for all x ∈ C \ Fix(T);
(9) demiclosed if for each sequence {x n } n∈N and x ∈ C with x n x and (I -T)x n → 0 implies (I -T)x = 0; (10) firmly nonexpansive if Tx -Ty 2 ≤ Tx -Ty, x -y for all x, y ∈ C;
(11) α-averaged if there exist α ∈ (0, 1) and nonexpansive S : C → H such that T = (1 -α)I + αS. It is easy to see that every strongly quasi-nonexpansive mapping is a strictly quasinonexpansive mapping and every strictly quasi-nonexpansive mapping is a quasi-nonexpansive mapping. 
Lemma 2.1 Let H be a Hilbert space and let T
ρ : H → H with Fix(T ρ ) = ∅. Then T ρ is a ρ-
T and Fix(T ρ ) = Fix(T).
Proof Since the statement Fix(T ρ ) = Fix(T) is evident, we only prove that T ρ is a ρ-strongly quasi-nonexpansive mapping if and only if T is a quasi-nonexpansive mapping.
(Necessity) For all x ∈ H and for all p ∈ Fix(T),
Since T ρ is ρ-strongly quasi-nonexpansive, we have
It follows from (2.1) and (2.2) that
i.e., T is a quasi-nonexpansive mapping.
(Sufficiency) Since
i.e., T ρ is a ρ-strongly quasi-nonexpansive mapping.
Lemma 2.2 Let F : H → H be L-Lipschitz continuous and η-strongly monotone with L
Proof By assumption, it is easy to see that η ≤ L.
For all x, y ∈ H,
i.e.,
Lemma 2.3 ([12]) Let C be a nonempty subset of H, and let T 1 , T 2 : C → C be quasinonexpansive operators. Suppose that either T 1 or T 2 is strictly quasi-nonexpansive, and
Fix(T 1 ) ∩ Fix(T 2 ) = ∅. Then the following hold: (i) Fix(T 1 T 2 ) = Fix(T 1 ) ∩ Fix(T 2 ); (ii) T 1 T 2 is quasi-nonexpansive; (iii) When both T 1 and T 2 are strictly quasi-nonexpansive, T 1 T 2 is strictly quasi-nonexpansive.
Lemma 2.4 ([12]) Let C be a nonempty subset of a Hilbert space H, and let T : C → H be nonexpansive operators, and α ∈ (0, 1). Then the following are equivalent:
Lemma 2.5 Let C be a nonempty subset of H, and let T 1 : C → C be a quasi-nonexpansive mapping and T 2 : C → C be a firmly nonexpansive mapping such that
Proof Since each firmly nonexpansive mapping is nonexpansive and 1 2 -averaged, by Lemma 2.4, for all p ∈ Fix(T 2 ) and for all x ∈ C \ Fix(T 2 ), we have
i.e., T 2 is strictly quasi-nonexpansive. Then Lemma 2.5 follows from Lemma 2.3.
Recall that the metric projection P K from a Hilbert space H to a closed convex subset K of H is defined as follows: for each x ∈ H, there exists a unique element P K x ∈ K such that 
Then lim n→∞ a n = 0.
Lemma 2.9 ([16])
Let {Γ n } n∈N be a sequence of real numbers that does not decrease at infinity, in the sense that there exists a subsequence {Γ n k } k∈N of {Γ n } n∈N which satisfies Γ n j < Γ n j +1 for all j ≥ 0. Also consider the sequence of integers {δ(n)} n∈N defined by
Then {δ(n)} n∈N is a nondecreasing sequence verifying lim n→∞ δ(n) = ∞, and for all n ≥ n 0 , it holds that Γ δ(n) < Γ δ(n)+1 and we have 2 ). Throughout this section, we use these notations and assumptions unless specified otherwise.
General viscosity approximation methods for quasi-nonexpansive mappings
Theorem 3.1 Let T : H → H be a quasi-nonexpansive mapping such that Fix(T) = ∅, with I -T demiclosed at 0. For any given x 0 ∈ H, the iterative sequence {x n } n∈N ⊂ H is generated by
where {α n } n∈N and {β n } n∈N are two sequences in (0, 1) satisfying the following conditions:
Then the sequence {x n } n∈N defined by (3.1) converges strongly to p ∈ Fix(T), which is the unique solution in Fix(T) of the variational inequality (VI)
Proof Clearly, Fix(T) is closed and convex.
Step 1. There exists unique p ∈ Fix(T) such that
Take λ = μη-θ (μL+θ) 2 , for ∀x, y ∈ H, we have
Step 2. {x n } n∈N is a bounded sequence. Let p ∈ Fix(T) be the unique solution of the variational inequality (3.2). Then Tp = p and
From Lemma 2.2 and (3.3), it follows that
Then, by induction on n, {x n } n∈N is a bounded sequence. So are {v n } n∈N , {f (x n )} n∈N , and {F(x n )} n∈N .
Step 3. lim n→∞ x n -p = 0. From the well-known inequality
which holds for all x, y ∈ H, it follows that
Summarizing, we get that
Set Γ n = x n -p 2 , neglecting the negative term -
Tx n -x n 2 in the obtained relation, we get the following inequality:
From relation (3.4) we also obtain
where
Case 1: Suppose that there exists n 0 such that {Γ n } n≥n 0 is nonincreasing, it is equal to Γ n+1 ≤ Γ n for all n ≥ n 0 . It follows that lim n→∞ Γ n exists, so we conclude that
Since lim n→∞ α n = 0, and from (3.6), (3.7) we deduce that
From assumption (iii), we obtain that
Therefore we get
In order to apply Xu's Lemma 2.8 to the sequence a n = Γ n , we show that
where p is the unique solution of the variational inequality (3.2). Since {x n } n∈N is bounded, there exists {x n k } k∈N of {x n } n∈N and x ∈ H such that x n k x and
From (3.8) and I -T demiclosed at 0, we know that x ∈ Fix(T). Since p = P Fix(T) (I -λ(μF -f ))p and x ∈ Fix(T), we have
Since {x n } n∈N is bounded, so is {Γ n } n∈N . Equation (3.9) and assumption (i) imply lim sup n→∞ σ n ≤ 0. It follows from assumptions (i) and (ii) that
1 -α n θ = 0, and
Then lim n→∞ x n -p = 0 by Lemma 2.8.
From Maingé's Lemma 2.9, there exists a nondecreasing sequence of integers {δ(n)} n∈N satisfying, for all n ≥ n 0 , the following:
From the last and relation (3.5), we have
Hence it turns out that
By (3.10), (3.6), and arguing as in case 1, we get
Similar to Case 1, we have
If we replace n with δ(n) in (3.5), by condition (b), we obtain
and also
Therefore dividing both sides of the obtained inequality by α δ(n) , we have
Since lim n→∞ α δ(n) = 0, by (3.11) and (3.12), we get lim n→∞ x δ(n) -p = 0. By condition (c), lim n→∞ x n -p = 0.
Corollary 3.2 Let T ρ : H → H be a ρ-strongly quasi-nonexpansive mapping such that
Fix(T ρ ) = ∅, with ρ > 0 and I -T ρ demiclosed at 0. For any given x 0 ∈ H, the iterative sequence {x n } n∈N ⊂ H is generated by
Then the sequence {x n } n∈N , defined by (3.13) , converges strongly to p ∈ Fix(T ρ ), which is the unique solution in Fix(T ρ ) of the variational inequality (VI)
Proof By Lemma 2.1, there exists a quasi-nonexpansive mapping T such that T ρ = (1 - 
Split equality fixed point problems
Let H 1 and H 2 be two real Hilbert spaces, the product H = H 1 × H 2 is a Hilbert space with inner product and norm given by x, y = x 1 , y 1 + x 2 , y 2 , and
for any x =
In this section we always assume that (1) H 1 , H 2 , H 3 are three real Hilbert spaces and
, where T i , i = 1, 2, is a one-to-one and quasi-nonexpansive mapping;
, where A i , i = 1, 2 is a bounded linear operator from H i into H 3 and A * i is the adjoint of A i ;
, where f i , i = 1, 2 is a θ -contraction on H i with θ ∈ (0, 1); (1) U ≤ 1 (i.e., U is nonexpansive) and averaged; 
or its equivalent form
where {α n } n∈N and {β n } n∈N are two sequences in (0, 1). If the solution set
∈ H :
is nonempty and the following conditions are satisfied:
Then the sequence {x n } n∈N , defined by (4.1), converges strongly to p ∈ Γ , which is the unique solution in Γ of the variational inequality (VI)
Proof For each i = 1, 2, since f i is θ -contraction, F i is L-Lipschitz continuous and η-strongly monotone on H i with L > 0 and η > 0, and T i is quasi-nonexpansive, we have
i.e., , and lim n→∞ Tx n -x n = 0. Then, for each i = 1, 2, we have lim n→∞ T i x i,n -x i,n = 0, and x n -x, y = x 1,n -x 1 , y 1 + x 2,n -x 2 , y 2 → 0 for each y = 
Applications
In this section, we always assume that 
Split equality common fixed point problems
The split equality common fixed point problem (SECFPP) is the problem of finding 
